
Ž .Biophysical Chemistry 79 1999 95]106

Mathematical analysis of binary activation of a cell
cycle kinase which down-regulates its own inhibitor

C.D. ThronU

5 Barrymore Road, Hano¨er, NH 03755, USA

Received 26 January 1999; received in revised form 8 March 1999; accepted 8 March 1999

Abstract

Ž .In mammalian cells, the heterodimeric kinase cyclin ErCDK2 EK2 mediates cell cycle progress from G1 phase
Kip1 Ž .into S phase. The protein p27 p27 binds to and inhibits EK2; but EK2 can phosphorylate p27, and that leads to

the deactivation of p27, presumably liberating more EK2 and forming a positive-feedback loop. It has been proposed
Ž .that this positive-feedback loop gives rise to binary all-or-none release of EK2 from its inactive complex with p27.

Binary release suggests a bistable biochemical system in which a stable steady state with low EK2 activity is
extinguished in a saddle-node bifurcation, causing the system to shift abruptly to a stable steady state with high EK2
activity. Two mathematical models are discussed, one in which free EK2 deactivates p27 in the EK2-p27 inhibitory
complex as well as free p27, and one in which the rate of EK2-catalyzed deactivation of free p27 has saturable
kinetics with respect to free p27. In general, if inhibitory binding is approximately in equilibrium, bistability requires
that there be a potential unstable steady state where the reaction order of p27 deactivation is greater with respect to
EK2 than with respect to p27. Q 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the cycle of cell division in mammalian cells,
Ž .the heterodimeric kinase cyclin ErCDK2 EK2

mediates cell cycle progress from G1 phase into
phase S phase, the phase of DNA replication
w x Kip1 Ž .1]4 . The protein p27 p27 binds to EK2 and
inhibits its kinase activity, and appears to be an

U Tel.: q1-603-643-3892.

w ximportant mediator of G1 arrest 5]8 . An un-
usual feature of this system is that EK2 phospho-
rylates p27, and this leads to the deactivation of
p27. This creates a positive-feedback loop, since
deactivation of p27 releases more EK2, which
tends to accelerate p27 phosphorylation and de-
activation. Conceivably this positive-feedback
process could sustain itself until all the p27 has
been deactivated and all the EK2 released; and

w xtherefore it has been suggested 9,10 that the
release of EK2 from its inactive complex with p27
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Ž .is binary all-or-none . This paper is a mathemati-
cal analysis of the biochemical kinetics required
for such a binary activation.

Several investigators have reported that EK2
phosphorylates p27 specifically on threonine 187,

Žand that this phosphorylation is followed by and
. w xis required for degradation of p27 9,11]13 . In

in vitro studies of the phosphorylation, Sheaff et
w xal. 9 found that addition of EK2 to p27, in the

presence of ATP, causes a burst of p27 phospho-
rylation on T187, followed by continued slower
phosphorylation. However, if EK2 and p27 were
preincubated for 10 min in the absence of ATP,
the addition of ATP produced only slow phospho-

w xrylation, with no initial burst. Sheaff et al. 9
suggest that p27 binds to EK2 in two ways, first
weakly as a substrate and then tightly as an
inhibitor. In accord with this concept are the

w xfindings of Vlach et al. 13 , who have studied
point mutants of p27 deficient in their interac-
tions with EK2, and have found that T187 phos-
phorylation of p27 by EK2 requires an interaction
of p27 with the cyclin E subunit, while inhibition
of the kinase activity requires an additional inter-
action with the CDK2 subunit. Similarly, struc-
tural studies on the complex of cyclin ArCDK2
with p27, have suggested that the cyclin interac-
tion is likely to serve as an initial anchor in

w xcomplex formation 14 .
This concept of all-or-none EK2 release has

not yet been unequivocally demonstrated experi-
mentally, and there is some evidence against it,

Ž . w xincluding the following: 1 Perez et al. 10´
observed that when EK2 was induced by the
transcription factor Myc it did not cause appre-
ciable breakdown of pre-existing EK2-p27 com-

Ž . w xplexes for several hours; 2 Muller et al. 12¨
observed that p27 did not inhibit its own phos-

Ž . w xphorylation by EK2; and 3 Muller et al. 12¨
found evidence that phosphorylation does not
reduce the affinity of p27 for EK2. However,
these objections do not seem fatal, because they

Ž .can be answered as follows: 1 Myc eventually
w xcauses dissociation of EK2-p27 complexes 12,15 ,

and therefore the observation of Perez et al. only´
indicates that the process may be slow or delayed;
Ž .2 the EK2 phosphorylation observed by Muller¨
et al. may have corresponded to the transient

w x Ž .burst observed by Sheaff et al. 9 ; and 3 Muller¨
et al. also found that p27 phosphorylation in-

Žcreases the rate of dissociation from EK2 and
.presumably the rate of association ; and that ef-

fect could facilitate the removal of p27 by an
active process of degradation or sequestration
Žp27 can be sequestered away from EK2 either by

w xthe kinase cyclin DrCDK4 16]18 or by a still
wuncharacterized activity induced by Myc 10,-

x.12,19 .
In this paper the phosphorylation of p27 by

EK2 is considered as an isolated process, but in
cells it is part of a system of EK2 activation that
has at least two other stages. First, EK2 is pro-
duced in an inactive form that must be enzymati-
cally phosphorylated on T160 of the CDK2 subu-
nit in order to become active. p27 binds both
forms of EK2 and in binding the inactive form it

w xprevents T160 phosphorylation 20,21 . Secondly,
CDK2 is subject to inhibitory phosphorylations on
T14 and tyrosine 15, and the corresponding acti-
vating dephosphorylations may be effectively au-

w xtocatalytic 22,23 . It is likely that a full under-
standing of EK2 activation in cells will eventually
require a consideration of the full system com-
prising all these reactions; but that will not be
attempted here. Other factors that will not be
considered here are the subcellular distribution

w xof p27 16,24,25 and the regulation of p27 synthe-
w xsis and degradation 19,26,27 .

The question considered here is the theoretical
question whether deactivation of p27 by EK2 can
produce binary EK2 release, and if so what
biochemical kinetic features are required for this
behavior. Binary enzyme activation implies an
abrupt switch from a stable steady state with a
low level of free active enzyme to a new stable
steady state with a high level of free active en-
zyme. This type of behavior would seem to imply
a bistable biochemical system in which, under
certain conditions, a small parameter change can
cause the low-activity stable steady state to be

w xextinguished in a saddle-node bifurcation 28]31 .
The underlying assumption in the following mod-
els is that a steady state of p27 is maintained by a
balance between continuous biosynthesis and de-
activation by EK2-catalyzed and non-EK2-depen-
dent processes.
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2. Simple models of the interaction of EK2 and
p27

w xWe assume, as proposed by Sheaff et al. 9 ,
that p27 binds to EK2 in two ways, first weakly to
form a catalytic complex X, and then tightly in an
inhibitory complex Y. The two complexes may be
formed as independent alternatives:

k k k4 1 e1 Ž .Y | EK2qp27 | X ª p27PqEK2 I
k k3 2

or X may be an obligatory intermediate in the
formation of Y:

k k1 5 Ž .EK2qp27 | X | Y II
k x k k2 e1 6

p27PqEK2

Here p27P is phosphorylated p27, which we as-
sume is removed and does not affect the kinetics.
The following equations define a general model
which includes both of these models as special
cases. This general model adds two assumptions

Ž .to Models I and II, namely 1 that free p27 is
Ž .biosynthesized at a constant rate k ; and 2 that0

p27 is partly removed by a process independent of
EK2, with rate constant k :e2

w xd p27 w x w xsk qk X qk Y0 2 4d t
wŽ . w x x w x Ž .y k qk EK2 qk p27 , 11 3 e2

w xd X w x w x w xsk EK2 p27 qk Y1 6d t
Ž . w x Ž .y k qk qk X , 22 5 e1

w xd Y w x w x w x Ž . w xsk EK2 p27 qk X y k qk Y ,3 5 4 6d t
Ž .3

w xd EK2 Ž . w x w xs k qk X qk Y2 e1 4d t
Ž . w x w x Ž .y k qk EK2 p27 . 41 3

For Model I, k sk s0, and for Model II, k s5 6 3
k s0.4

The total concentration of all forms of EK2
Žw x . w x w x w xEK2 is equal to X q Y q EK2 and is con-T

Ž Ž . Ž . Žw x w xstant adding Eqs. 2 ] 4 gives d X q Y q
w x. .EK2 rd ts0 . The total concentration of all

Žw x . w x w x w xforms of p27 p27 is equal to p27 q X q Y ;T
Ž . Ž .and adding Eqs. 1 ] 3 shows that

w xd p27 T Ž w x w x. Ž .sk y k X qk p27 . 50 e1 e2d t

From this it can be seen that if there is no
Žnon-EK2-dependent deactivation of p27 i.e. if

.k s0 then, since the maximum possible valuee2
w x w x w xof X is EK2 , there is no steady state if EK2T T

-k rk .0 e1
Ž . Ž .The system of Eqs. 1 ] 4 has positive feed-

back, in that EK2 catalyzes the deactivation of
p27 and thereby increases its own rate of libera-
tion; however, the system is not bistable. As shown

Ž . Ž .in Appendix A, Eqs. 1 ] 4 have only one steady
Žstate solution, which is stable the system does
.not show sustained oscillations . The behavior of

this system is illustrated qualitatively in Fig. 1. In
w xthe absence of EK2, the concentrations X and

w x w x Ž w xY are 0, and the steady-state p27 s p27 qT
w x w x. w xX q Y is equal to p27 , which equals k rk0 e2

Ž .by Eq. A1 . The binding of EK2 and p27 as X
and Y has been assumed to be fairly strong, and

w xtherefore as EK2 increases there is at first veryT
little free EK2, and nearly all the EK2 is bound
up in X and Y. The increase of the catalytic

w xcomplex X, with increasing EK2 , increases theT
rate of p27 deactivation, and consequently the

w xsteady-state p27 decreases. When nearly all theT
w x w xp27 has been complexed as X and Y, X and Y

cannot increase appreciably further; and there-
w xfore further increase in EK2 causes no further

appreciable change in the rate of p27 deactivation
w xor the steady-state p27 .T

3. A model with bistability

We now assume that EK2 phosphorylates not
only free p27 but also p27 in the inhibitory com-
plex Y:

kc Ž .YqEK2 ª p27Pq2EK2 III

We also assume that the p27 in Y may be re-
moved by a non-EK2-dependent process, with
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Žw x .Fig. 1. Effect of total EK2 EK2 on steady-state total p27T
Žw x . Ž . Ž .p27 and free EK2 in the model of Eqs. 1 ] 4 . IncreasingT
w x w xEK2 causes increased X and consequently an increasedT

w xp27 phosphorylation rate and decreased steady-state p27 ,T
until p27 is essentially all converted to X and Y, after which

w xfurther increases of EK2 causes no appreciable furtherT
w x Ž .decrease in steady-state p27 . Computed from Eq. A4bT

Ž w x. Ž . Ž .solved for EK2 and Eqs. A1 ] A3 with k s0.5 nM0
miny1 , k s0.1 miny1 , k s0.005 miny1 , ks10, and Cse1 e2
0.01 nM.

liberation of EK2:

kd Ž .Y ª p27 productsqEK2 IV

Ž .We simplify the model in two ways: 1 we elimi-
nate the state variable X representing the cat-
alytic complex of EK2 and p27, and assume that
the rate of phosphorylation of p27 is simply pro-

w xw xportional to the product EK2 p27 , with rate
Ž .constant k ; and 2 we assume that the inhibi-a

tory binding of EK2 to p27 equilibrates instanta-
Žneously technically we should make a quasi-

Ž .steady state assumption taking reactions III and
Ž .IV into account, but to keep this illustrative
model simple we assume that the binding and
dissociation reactions are rapid enough to main-

.tain approximate equilibrium . The rate of change
w x Ž w x w x.of p27 i.e. p27 q Y is the differenceT

between a rate of formation F and a rate of
deactivation R:

w xd p27 T Ž .sFyR , 6d t

where Fsk and0

w x w x w xRsk EK2 p27 qk p27a b

w x w x w x Ž .qk EK2 Y qk Y , 7c d

where k sk . With instantaneous binding equi-b e2
librium,

w x w xEK2 p27 Ž .Ks . 8w xY

w x w x w x w xSubstituting EK2 s EK2 y Y and p27 sT
w x w x Ž . w xp27 y Y in Eq. 8 , and solving for Y givesT

1w x w x w xY s EK2 q p27 qKT T2 ž
2'Žw x w x . w x w xy EK2 q p27 qK y4 p27 EK2 .T TT T /

Ž .9

The negative sign must be taken for the radical
w xbecause the positive sign would make Y exceed

w xEK2 , which is not physically possible.T
w xR is computed as a function of p27 by Eq.T

Ž . Ž . w x w x7 , with Eq. 9 and the relations EK2 s EK2 T
w x w x w x w xy Y and p27 s p27 y Y . Fig. 2a shows aT

w xgraph of R and the rate of p27 formation F,T
which is constant. The parameter values used are
more or less arbitrary, since true values of the
concentrations and kinetic constants are not ac-

w xcurately known. We have taken levels of EK2 T
suggested by various observations in extracts of

w xXenopus eggs and oocytes 32,33 , but the effect
of subcellular localization has not been taken into

w xaccount. Xenopus eggs lack a G1 phase 32 and
may not be representative of other cells. We have
taken k s k s 0.005 miny1, which approxi-b d
mately gives the half-life of 2.5 h reported by

w xHengst and Reed 26 for p27. With this value of
k the rate of p27 formation F was set to 0.5 nMb

y1 w xmin , so as to set the steady-state p27 at 100T
nM in the absence of EK2. The value of k wasc
chosen arbitrarily so that the figure would display
clearly all the important dynamical features, and
k was taken equal to k . The value of K hasa c

w xbeen reported as 0.2]0.5 nM 34 ; but a smaller
Ž .value 0.01 nM was taken here, for reasons which

will appear below.
w xAs a function of p27 , the rate of p27 deacti-T
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Ž . Ž . Ž .Fig. 2. a Rates of formation F and deactivation R, R9 of
Ž . Ž .total p27 for the bistable model of Eqs. 6 ] 9 , as functions of

w x y1 y1 y1p27 . Fs0.5 nM min , k sk s0.00125 nM min ,T a c
y1 w x Žk sk s0.005 min , Ks0.01 nM, EK2 s80 nM curveb d T

. Ž . Ž .R , 100 nM curve R9 . The diagrams phase portraits above
the figure, labelled R and R9, indicate by dots the locations of
the steady states, and by arrows the direction of spontaneous

w x Ž .change of p27 . b Concentrations of EK2, p27, Y, and theT
w xw x Ž .product EK2 Y arbitrarily scaled by a factor 0.57 as func-
w x w xtions of p27 , with EK2 s80 nM.T T

Žvation R shows a maximum and a minimum Fig.
.2a . The maximum occurs where there is free

EK2, and it is due to the catalytic effect of free
w xEK2 on p27 phosphorylation. At higher p27 ,T

EK2 becomes progressively more inhibited, and
consequently R decreases. When essentially all
the EK2 is bound to p27, R begins to increase
again slowly, because of non-EK2-dependent p27

Ž Ž .. w xdeactivation the k term in Eq. 7 . With EK2b T
s80 nM, the curvature of R results in three
intersections with curve F, corresponding to three

Ž .steady states where FsR . These steady states
Žare indicated by dots in the diagram ‘phase por-

w x.trait’ 35, pp. 10 ff. above the graph. Between
w xthe steady states, p27 tends to change sponta-T

neously, increasing if F)R and decreasing if
F-R, as shown by arrows in the phase portrait.
Since the direction of spontaneous change is away
from the middle steady state, this steady state is
unstable. In contrast, the local direction of spon-

w xtaneous change in p27 is toward each of theT
other two steady states, and consequently these
steady states are stable, the right-hand one with
low free EK2 and the left-hand one with high free
EK2.

w x Ž .With 100 nM EK2 curve R9 , the rate ofT
p27 deactivation is higher and there is only one
steady state, a stable steady state with high free

w xEK2. Between the EK2 levels of 80 and 100T
ŽnM, there is a specific level between 90.9054 and

.90.9055 where the minimum of curve R is just
tangental to curve F, at a point where the un-
stable and the right-hand stable steady states

w xcoincide. Any increase of EK2 above this levelT
breaks the contact between curve R and F, oblit-

Žerates the right-hand stable steady state and the
.unstable steady state , and causes the system to

shift in an all-or none manner to the left-hand
stable steady state with high free EK2. Mathe-
matically, this mutual extinction of a stable and
an unstable steady state is called a saddle-node

Žw x .bifurcation 35 , p. 26 .
With constant F, it is clear that the slope of R

must be negative in the immediate neighborhood
of the unstable steady state. Therefore in that

w xregion p27 shows in effect a ‘substrate inhibi-T
tion’, in that it effectively inhibits its own deacti-
vation. This negative slope of R is caused entirely

Ž .by the third term in Eq. 7 , corresponding to
EK2-catalyzed phosphorylation of the inhibitory

Ž .complex Y. This term is the only term in Eq. 7
w xthat ever decreases with increasing p27 , and itT

accounts for almost all the deactivation rate of
p27 to the left of the minimum of the R curve. It

w xw xcontains the product EK2 Y , which with in-
w xcreasing p27 passes through a maximum be-T

cause it is the product of approximately linearly
w x w xincreasing and decreasing functions Y and EK2 ,

Ž .respectively Fig. 2b . The near linearity of the
w x w xfunctions Y and EK2 results from the fact that

w xif binding is strong an increase in p27 causesT
an approximately stoichiometric conversion of
EK2 to Y.
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The EK2-catalyzed phosphorylation of free p27
Ž Ž ..the first term in Eq. 7 does not produce a
negative slope in R and does not produce
bistability or all-or-none release of EK2. This

w xw xterm contains the product EK2 p27 , which is
w x Ž . w xdirectly proportional to Y by Eq. 8 , and Y

w x Ž .increases with increasing p27 Fig. 2b . FreeT
EK2 does indeed tend to liberate more EK2, but
although this additional EK2 tends to increase
the rate of p27 phosphorylation it also tends to
convert more free p27 to Y, reducing the free p27
available for phosphorylation and counteracting
the positive feedback.

The non-EK2-dependent deactivation of free
Ž .p27, represented by the second term in Eq. 7 , is

essential for a stable steady state with low EK2
activity. A stable steady state requires a positive

w x w xslope in R; but once p27 exceeds EK2 , andT T
free EK2 is essentially all converted to Y, none of

Ž .the other terms in Eq. 7 continue to increase
w xappreciably. Without a stable steady state, p27 T

would accumulate indefinitely, eventually reach-
ing levels too high to be efficiently removed for
activation of EK2.

w xThis effect of increasing EK2 is also shownT
in Fig. 3, which may be compared with the corre-
sponding figure for the model of the preceding

Ž . w xsection Fig. 1 . At low EK2 there is just oneT
w x w xsteady state, with high p27 and low EK2 . AsT

w xEK2 increases, there is little change in theT
w x w x Žsteady-state value of either p27 or EK2 inT

. w xcontrast to Fig. 1 but EK2 enters a rangeT
w x w xwhere each of the curves of p27 and EK2 hasT

w xthree values at any given EK2 , and thereforeT
there are three steady states. For example, the

w x w xthree values of the curve of p27 where EK2T T
s80 nM are 5.07, 79.8, and 98.9, which are just
the three steady states for curve R in Fig. 2a.

w xWhen EK2 increases beyond the critical valueT
w xof 90.9055, the stable steady state with low EK2

ceases to exist, and the system must shift in an
all-or none manner to the steady state with high
free EK2.

Fig. 4 shows all-or-none release of EK2 from
this system, caused by a slow increase in total
EK2. At time 0 the system is in a steady state

w xwith no EK2. As EK increases at a constantT
w xrate, p27 remains essentially unchanged andT

Žw x .Fig. 3. Steady-state concentrations of total p27 p27 andT
Žw x.free EK2 EK2 for the model of Fig. 2, as functions of

w x ŽEK2 . The ordinate scale is slightly non-linear expanded atT
.the lower end .

w xthere is no detectable free EK2, until EK2 T
w x w xexceeds p27 , at which point p27 begins toT T

fall rapidly, and EK2 is released. The release of
EK2 is more rapid if the value of k is greaterc
Ž .dashed curves, Fig. 4 .

It may be noted that the release of EK2 in Fig.
w x4 does not begin when EK2 s90.9055, i.e. atT

the saddle-node bifurcation, but only later, when
w x w xEK2 ) p27 . This is because the rateT T
processes are very slow near the bifurcation point.

Fig. 4. All-or-none release of EK2 by the model of Fig. 2,
w x Ž y1 .caused by gradual increase in EK2 1 nM min . InitialT

w xstate is a steady state with EK2 s0. Solid curves haveT
parameter values as in Fig. 2. For dashed curves, k sk sa c
0.0125 nMy1 miny1 .
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The slope of R at the right-hand stable steady
Ž .state is quite shallow Fig. 2a , and consequently

when curve R is raised the steady state point is
shifted substantially to the left, but the difference
RyF, which drives the change toward the new
steady state, is relatively small. Therefore there is
delay in establishing a new steady state; and if
meanwhile curve R continues to rise then the

w xdecrease in p27 lags behind the increase in R.T
In Fig. 4 the rate processes are so slow that
almost no change is detectable when the bifurca-
tion point is passed. Change only becomes appar-

w xent when continued increase in EK2 has shiftedT
the minimum of curve R to the right above the

w xlevel of p27 . There is therefore a definite lag inT
the all-or-none release of EK2. The curvature at
the minimum of R depends on the value of K,
and we have taken a value that produces only
moderate lag. A larger value, such as that re-

w xported by Harper et al. 34 , would produce a
much broader minimum in curve R, and would
make the slow equilibration more prominent.

A steeper slope of R at the right-hand stable
steady state can be produced if the non-EK2-de-
pendent deactivation of free p27 is actually some-
what faster than that of Y, i.e. if binding to EK2
inhibits non-EK2-dependent p27 deactivation
Ž .Fig. 5 . Delays in all-or-none EK2 release would
then be less. However, this modification also pro-
duces another change, namely that in the absence

w xof EK2 the stable steady state has p27 s25T
nM, much lower than in the model of Fig. 4.

w xGradual increase in EK2 will cause a gradualT
w x w xincrease in steady-state p27 ; but lag in p27T T

will allow premature all-or-none release of EK2
in a relatively small quantity unless the rate of
w xEK2 increase is much slower than in Fig. 4.T

Although we have considered only the effect of
w xincreasing EK2 as a cause of all-or-none EK2T

release, the stability of the steady state with low
EK2 activity depends also on the other parame-

Ž . Ž .ters in Eqs. 6 ] 9 ; and in the course of the cell
cycle EK2 release might be caused, for example,
by a decrease in F or an increase in k .b

4. Another model with bistability

In the model just described, it was necessary

Ž . Ž .Fig. 5. Rates of formation F and deactivation R of total
p27 for the model of Fig. 2, with parameters as in Fig. 2,
except k s0.02.b

that the enzyme catalyze the deactivation of the
inhibitor in the inhibitory complex, and not just
free inhibitor, in order to have bistability. This
appears not to be true for a similar model pro-

w xposed by Novak and Tyson 36 for fission yeast
cell cycle control. However, that model has an
important difference, namely that the enzyme-
catalyzed deactivation of free inhibitor is kineti-
cally less than first order with respect to the

Ž .inhibitor. We modify Eq. 7 to eliminate EK2-
catalyzed removal of Y and make EK2-catalyzed
deactivation of free p27 saturable with respect to
w xp27 :

w x w xk EK2 p27a w x w x Ž .Rs qk p27 qk Y . 10b dw xK q p27M

Fig. 6 shows graphs of this function with different
Ž .values of K . When K sK curve R the curveM M

is nearly identical to curve R in Fig. 2a. In fact, if
w xw xK sK the product EK2 Y in the third term ofM

Ž .Eq. 7 is equal to a function of exactly the same
Ž .form as the first term in Eq. 10 , as can be shown

w x w x w x Ž .by substituting EK2 s EK2 y Y in Eq. 8T
w xand solving for Y :

w x w xEK2 p27Tw x Ž .Y s . 11w xKq p27

Ž .A function of the form of Eq. 10 could arise if
the kinase has an obligatory ordered sequential
mechanism with competitive high-substrate in-

Žw x .hibition 37 , pp. 134]135 , in which EK2 must
combine first with ATP and then with p27 in
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Ž . Ž .Fig. 6. Rates of formation F and deactivation R of total
p27 for the model with saturable kinetics of EK2-catalyzed

Ž Ž . Ž ..deactivation of free p27 Eqs. 9 and 10 . Parameters as in
y1 Ž .Fig. 2, except k s0.1 min and K s0.01 nM curve R ,a M

Ž . Ž .0.001 nM curve R9 , and 0.1 nM curve R0 .

order to phosphorylate the latter, and the reac-
tion of EK2 with ATP is rate-determining for the
phosphorylation of p27:

k7 Ž .EK2qATP | EK2A V
k8

ke1 Ž .EK2Aqp27 ª p27PqEK2 VI

Then

w xd EK2A w x w xsk ATP EK27d t
Ž w x. w x Ž .y k qk p27 EK2A . 128 e1

In the steady state,

w x w xk ATP EK27w x Ž .EK2A s . 13w xk qk p278 e1

The rate of p27 phosphorylation by EK2A is then

w x w x w xk ATP EK2 p277w x w x Ž .k EK2A p27 s . 14e1 w xk rk q p278 e1

w xAt constant ATP this is of the same form as the
Ž . w x w xfirst term in Eq. 10 . EK2 and p27 are differ-

w x Ž .ent, because EK2 in Eq. 9 is replaced byT
w x w x w xEK2 y EK2A ; but if EK2A is relatively smallT

w x Ž .then Y is given approximately by Eq. 9 and
w x w x w x w xEK2 and p27 are approximately EK2 y YT

w x w xand p27 y Y respectively.T

5. A necessary condition for all-or-none EK2
release if inhibitory binding is approximately in
equilibrium

Other models of p27 deactivation might come
under consideration, but if the inhibitory binding

Ž .obeys Eq. 8 , and the rate of p27 formation F is
constant, there exists a general kinetic require-
ment for all-or-none EK2 release, namely that
the reaction order of p27 deactivation must be
greater with respect to EK2 than with respect to

w xp27, over some range of p27 . This will now beT
shown.

As noted above, an essential requirement for
bistability, if F is constant, is a region of negative

w xslope of R as a function of p27 . In that regionT
w x w x­Rr­ p27 -0, and also ­log Rr­log p27 -0.T T

w x w x w x Ž .Substituting EK2 y EK2 for Y in Eq. 7 orT
Ž . w x w xEq. 10 gives R as a function of EK2 and p27 ,

and

w x­log R ­log R ­log EK2sw x w x w x­log p27 ­log EK2 ­log p27T T

w x­log R ­log p27 Ž .q -0. 15w x w x­log p27 ­log p27 T

Ž . w x w x w xDifferentiating Eq. 8 , with Y s EK2 y EK2 ,T
gives

w x w x­log EK2 ­log p27qw x w x­log p27 ­log p27T T

Žw x w x.­log EK2 y EK2Ts w x­log p27 T

w x w xEK2 ­log EK2 Ž .sy , 16aw x w x w xEK2 y EK2 ­log p27T T

hence

w x w x w x w x­log EK2 EK2 y EK2 ­log p27Tsy .w x w x w x­log p27 EK2 ­log p27TT T

Ž .16b

The only logarithmic partial derivative to the
Ž .right of the equal sign in Eq. 15 which can

w x w xplausibly be negative is ­log EK2 r­log p27 ,T
Ž .and Eq. 16b shows that this is numerically less
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w x w xthan ­log p27 r­log p27 . Therefore the in-T
Ž .equality in Eq. 15 cannot hold unless ­log Rr­

w x w xlog EK2 ) ­log Rr­log p27 . Since these lo-
garithmic partial derivatives are the effective re-

Ž Ž n. .action orders e.g. ­log kS r­logSsn , this
establishes that the reaction order must be greater
with respect to EK2 than with respect to p27.

It is easily verified that if R is a sum of several
rate processes R then the logarithmic partiali
derivative ­log Rr­logS is a weighted sum of the
individual logarithmic partial derivatives Sr -­i
log R r­logS, where r sR rR. It follows that thei i i

w x w xinequality ­log Rr­log EK2 )­log Rr­log p27
can hold only if the corresponding inequality

w x w x­log R r­log EK2 )­log R r­log p27 holds fori i
at least one of the individual processes R .i

Ž .In Eq. 10 of Section 4, the first term is first-
w xorder with respect to EK2 , and less than first-
w x worder with respect to p27 the reaction order

w x w w xw x Žwith respect to p27 is ­log k EK2 p27 r K qa M
w x.x w x Žp27 r­log p27 , which is equal to K r K qM M
w x.xp27 . This is not true for any other term in Eq.
Ž .10 , and therefore this term is essential to satisfy
the necessary condition for a negative slope of R

w xas a function of p27 . This is not a sufficientT
w xcondition, because the fact that ­log Rr­log EK2

w x)­log Rr­log p27 does not guarantee that the
Ž .inequality in Eq. 15 holds. The slope of R is

Ž .positive in some regions Fig. 2 , partly because
Ž .the inequality in Eq. 15 does not hold every-

Ž .where for the first term in Eq. 10 , and partly
Ž .because of the other terms in Eq. 10 .

Ž .Similarly, in Eq. 7 , the third term contains the
w xw x Ž .product EK2 Y , which by Eq. 8 is proportional

w x2w xto EK2 p27 ; therefore the reaction order is
greater with respect to EK2 than with respect to
p27.

These examples illustrate how analysis of reac-
tion orders can help to identify those kinetic
mechanisms that can give rise to all-or-none acti-
vation of an enzyme that deactivates its own
inhibitor.

6. Discussion

This analysis shows that an enzyme that attacks
and deactivates its own inhibitor is not released

from inhibitor binding in an all-or-none fashion
unless certain kinetic features are present in the
mechanism. These features are not present in the

Ž .simplest models e.g. Models I and II . It is true
that a small amount of uninhibited enzyme deac-
tivates some of the inhibitor, releasing more en-
zyme, and the additional enzyme tends to acceler-
ate the deactivation of the inhibitor. However,
the additional enzyme also tends to bind more
inhibitor as inhibitory complex, and this reduces
the proportion of free inhibitor, and therefore
tends to counteract the enzymatic deactivation of
free inhibitor. This limitation is absent or less

Ž .marked in two cases: 1 if free enzyme deacti-
Ž .vates inhibitor in the inhibitory complex; and 2

if enzymatic deactivation of free inhibitor has
saturable kinetics with respect to the concentra-
tion of free inhibitor. In each of these cases
bistability is possible; and a bistable model of
each kind has been presented here. With regard
to the possibility of other bistable models, theo-
retical analysis shows that, in the case where
inhibitory binding is approximately in equilib-
rium, bistability is possible only if there is a
potential unstable steady state where the reaction
order of p27 removal or deactivation is greater
with respect to free EK2 than with respect to free
p27.

It is not now known whether either of the
bistable models presented here actually fits the
deactivation of p27 by EK2. With regard to the
first model, it has not been experimentally es-
tablished whether p27 in the inhibitory complex
with EK2 can be phosphorylated and deactivated
by another EK2 heterodimer. The findings of

w xVlach et al. 13 would suggest that this does not
occur, because the site on p27 which interacts
with the cyclin E subunit of EK2, and which is
necessary for EK2-catalyzed p27 phosphorylation,
is apparently utilized in the formation of the
inhibitory complex. As to the second model, it has
been speculated above that the saturable kinetics
might be accounted for by an obligatory ordered
sequential enzyme mechanism, in which the ki-
nase must combine with ATP before combining

w xwith p27. The findings of Russo et al. 14 indicate
that p27 in the inhibitory complex covers the ATP
binding site; so it seems possible that p27 bound
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only to the cyclin subunit might sterically inhibit
ATP binding, so that the EK2rATPrp27 cat-
alytic complex can only form if ATP binds first to
EK2.

Bistability and all-or-none EK2 release also
appear to require at least three other things that
are not yet established. First, phosphorylated p27
must be either inactive or rapidly inactivated or
sequestered. As noted above, phosphorylation may
not reduce the affinity of p27 for EK2; and al-
though phosphorylation leads to the degradation
of p27, it is not established whether in cells the
rate and kinetics of sequestration and degrada-
tion could support all-or-none EK2 release. Sec-
ond, for a stable steady state with low EK2 activ-
ity it appears necessary to assume that there is a
non-EK2-dependent process of p27 removal or

Ž .deactivation. It has been pointed out Fig. 5 that
if this process removes free p27 faster than p27 in
the complex Y this could improve stabilization of
the steady state with low EK2 activity. However,
no such process has been clearly characterized.
Third, for rapid stabilization and destabilization
near the threshold of EK2 release it appears
necessary to assume an inhibitor binding affinity

w xconsiderably higher than has been reported 34 .
w xThe kinetic studies of Sheaff et al. 9 also suggest

a larger K ; but the kinetics are somewhat com-
plex and have not yet been worked out in detail.
Larger K is associated with slower equilibration
of the system near the threshold for EK2 release,
and this may lead to either premature or delayed
EK2 release.

It may be that the kinetic role of EK2-catalyzed
p27 phosphorylation in cells can only be under-
stood in its interaction with other cellular reac-
tions, such as T160 phosphorylation of EK2, or
activation of EK2 by CDC25A. In any case, exper-
imental evidence indicates that deactivation of
p27 is necessary for full activation of EK2; and
the mechanisms discussed here may contribute
something to EK2 activation and release, even if
other switching mechanisms require to be in-
volved.
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Appendix: Uniqueness and stability of the steady
( ) ( )state of Eqs. 1 – 4

Ž . Ž .The following argument shows that Eqs. 1 ] 4
Ž .have at most one stable steady state. Eq. 5 in

Ž .the steady state with the derivative set to zero
gives

w xk yk X0 e1w x Ž .p27 s . A1ke2

w xw x Ž .Eliminating the product EK2 p27 from Eqs. 2
Ž .and 3 , with the derivatives set to zero, gives

Ž . Ž .k qk k qk k qk1 3 5 3 2 e1w x w x w xY s X sk X .Ž .k qk k qk k1 3 6 1 4

Ž .A2

w xFrom this it follows that at a steady state EK2 T
w x Ž .w xs EK2 q 1qk X , hence

Žw x w x.EK2 y EK2Tw x Ž .X s . A3Ž .1qk

Ž . Ž . w x w xSubstituting from Eqs. A1 ] A3 for p27 , X ,
w x Ž .and Y in Eq. 4 , with the derivative set to 0,

gives

w x w xEK2 y EK2TŽ .0s k qk qk k2 e1 4 ž /1qk

Ž . w xk qk EK1 3 2y ke2

w x w xEK2 y EKT 2 Ž .= k yk , A4a0 e1 ž /1qk

Ž .Ž .k rk 1qk0 e1w x w x Ž .EK2 s EK2 1q , A4bT w xEK2 qC

Ž .Ž . Ž .where C s k q k q k k k rk r k q k .2 e1 4 e2 e1 1 3
w xGiven that EK2 is positive, this relationship

w x w xbetween EK2 and EK2 is monotonic; andT
therefore there is only one steady state at any

w xgiven EK2 , and there is no bistability. As al-T
ready noted, the solution is not physically realiz-

w xable if k s0 and EK2 -k rk . In that casee2 T 0 e1
Ž . w x w xC s 0, Eq. A4b becomes EK2 s EK2 qT

w xk rk , and EK2 must be negative.0 e1
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To determine the stability of the steady state,
Ž . Ž .the system of Eqs. 1 ] 4 can be reduced to Eqs.

Ž . Ž . w x w x1 ] 3 with the substitution EK2 s EK2 yT
w x w xX y Y . The reduced system is stable iff the
characteristic roots of the Jacobian matrix all
have a negative real part. The Jacobian matrix of
the reduced system is

wŽ . w x xy k qk EK2 qk1 3 e2

w xk EK2Js 1

w xk EK23

Ž . w x Ž . w xk q k qk p27 k q k qk p272 1 3 4 1 3

Ž w x. w xy k qk qk qk p27 k qk p272 5 e1 1 6 1

w x Ž w x.k yk p27 y k qk qk p275 3 4 6 3

Ž .A5

The characteristic roots of J are the roots of the
equation

3 2 Ž .l yD l qD lyD s0, A61 2 3

where D is the trace of J, D is the sum of the1 2
principal minors of order 2, and D is the de-3

Žw x .terminant 38 , p. 70 . The roots all have negative
real part if the Hurwitz determinants yD ,1

Ž .yD D qD , and y yD D qD D are all1 2 3 1 2 3 3
Žw x .positive 39 , pp. 167 ff . It can be verified from

Ž .Eq. A5 that yD and D are positive. D can1 2 3
be evaluated by considering the matrix J formed0
by setting k sk s0 in J. The column sums ofe1 e2
J vanish, so the determinant is zero. The de-0
terminant of J is equal to the determinant of J0
plus the sum of products containing k or k ,e1 e2
and may be written:

D syk M 0 yk M 0
3 e2 23 e1 13

Ž w x. Ž .yk k k qk qk p27 , A7e2 e1 4 6 3

where M 0 and M 0 are principal minors of order23 13
2 of J . M 0 and M 0 are easily shown to be0 23 13
positive, therefore D is negative. D is a sum of3 2
terms which include M 0 , M 0 , and k k ,23 13 e2 e1
together with other positive terms; therefore
yD D contains positive terms numerically equal1 2
to all the terms on the right-hand side of Eq.
Ž .A7 . The second Hurwitz determinant yD D q1 2

D is therefore positive; and since D is negative3 3
the third Hurwitz determinant is also positive. It

Ž .follows that the roots of Eq. A6 have negative
real part.
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